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Problem 2.16

In this problem we explore some of the more useful theorems (stated without proof) involving
Hermite polynomials.

(a)

(b)

(c)

(d)

The Rodrigues formula says that

Ha(€) = (—1)e” (jg)ﬁ (2.87)

Use it to derive H3 and Hy.

The following recursion relation gives you H,41 in terms of the two preceding Hermite
polynomials:

Use it, together with your answer in (a), to obtain Hs and Hg.

If you differentiate an nth-order polynomial, you get a polynomial of order (n — 1). For the

Hermite polynomials, in fact,
dH,

3
Check this, by differentiating Hs and Hg.

— 2nH,_1(€). (2.89)

H,(€) is the nth z-derivative, at z = 0, of the generating function exp(—2z2 + 22¢); or, to
put it another way, it is the coefficient of 2" /n! in the Taylor series expansion for this

function:
X _n

o= 22 _ Z %Hn(ﬁ) (2.90)

n=0
Use this to obtain H;, Ho, and Hj.

Solution

Part (a)

Use the Rodrigues formula with n = 3 to calculate Hj.

_ e e e e
e dﬁ( 2e75 +48%7%)

= ¢ (456752 + 856752 — 8&36752)
=863 —12¢
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Use the Rodrigues formula with n = 4 to calculate Hy.

= € (12e7 — 24€%e78" — 24€2e7€" 4 166"
= 166* — 48¢2 + 12

Part (b)
Use the recursion relation with n = 4 to determine Hs.

H5 (&) = 28Ha(§) — 2(4)H3(§)
= 26(166* — 48¢% + 12) — 8(8¢% — 12¢)
= 3265 — 9663 — 64€3 + 24¢ + 96¢
= 32¢% — 1603 + 120¢

Use the recursion relation with n = 5 to determine Hg.

He(§) = 26H5(£) — 2(5) Ha(€)
= 2£(32€° — 160¢% + 120¢) — 10(16¢* — 48¢% 4 12)
— 64¢5 — 320¢* + 240€% — 160€* + 480€2 — 120
= 64£5 — 480¢* + 72062 — 120

Part (c)

Check to see if the differential relation is true by differentiating Hs.

dHs 2
G 2(5)Hy(§)
d

%(3255 — 1603 + 120¢) = 10(16¢* — 48¢2 + 12)

160€* — 48062 + 120 = 160&* — 4802 + 120
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Now check to see if the differential relation is true by differentiating Hg.

dHy
d¢

~J

= 2(6)H5(¢)

d§
384£° — 192063 4 1440¢ = 384¢° — 1920¢3 + 1440¢

Part (d)

The Taylor series expansion of a function f(z) centered at z = zy is
o
o j‘n)(zo) n
f(z) —ZT(Z’—ZO) :
n=0
If it’s centered at z = 0, the formula reduces to

°  f(n)
fey =3 0
n=0

n.

d
Z(64€5 — 480€1 + 72062 — 120) = 12(326° — 16063 + 120¢)

For f(z) = e~ 2% iy particular, the zeroth, first, second, and third derivatives are

fO(z) = emstese

FO(2) = e (=22 4 2¢)

FO(2) = e 7425 (222 4 26) 4 e 2 (—2)

FO(2) = e T2 (222 + 26)% + 277 T2 (=22 + 2¢)(=2) + e 7 T2 (42 — 4¢€)

Therefore, the Taylor series expansion about z = 0 is

22

—z Z ZO Zl
2226 _ f(O)(O)a + f(l)(o)ﬂ + f(2)(0)5 + F30)= + -

22 z
:1+2gz+(4g2—2)5+(8§3—12§)3+---.

Notice that £ (0) is the nth Hermite polynomial.

Hy(¢) =1

Hy (&) = 2¢

Hy(§) = 4€% —2
Hj(&) = 8¢% —12¢

www.stemjock.com

— O =1
— f0(0) =2
— @) =42 -2

— fO0) =8¢ — 12¢.



